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Abstract
Visible radiation exchange including multiple inter – reflection in enclosures makes significant contribution toward overall radiant flux density e.g illuminance level, which is important in lighting design for energy conservation in buildings. The exchange of visible radiation between internal surfaces of room is represented by an integral equation of the Poission Volttera Fredholm type which may be integrated only for idealized geometries and typical radiation excitations. In this paper, finite difference approach has been applied to solve the integral equation for evaluating visible radiation exchange involving multiple inter – reflection in building enclosures. For this purpose a typical cubical enclosure ( room ) with a north facing window has been considered and using IDMP daylight data as input data finite difference approach  has been applied for solution of integral equation. The result has been compared with enclosures of assumed geometry as equivalent bi-hemispheres as well as a single integrating sphere for the same surface area as that of actual room under consideration.

1. Introduction  

Inter-reflected light in a building enclosure involves visible radiation exchange between various surface elements. It depends upon initial excitation or initial luminous flux density at each surface element, their reflectance (or interior finish), mutual geometrical configuration (or shape factors) of different surface elements with respect to other surface elements with in the enclosure. In case of day light  initial excitation depend  upon the out  door day light availability e.g sky luminance and luminance of external surfaces such as ground as well as upon the size and location of the window aperture and characteristics of glazing material  (transmittance, reflectance and absorptance ). In view of complexity of the problem Arndt attempted to arrive at an approximation solution through a simplifying assumption of treating a building enclosure as an integrating sphere having same surface area as total area of all the surfaces of the enclosure (room) and its reflectance equal to mean reflectance of all the internal surfaces of the enclosure and initial excitation as proportional to luminous flux entering the aperture. However, the actual exchange of visible radiation including multiple inter-reflections in an enclosure is represented by an integral equation, which is amenable to solution only for idealized conditions. In this paper finite difference approach has been attempted for solution of integral equation. The out door day light data has been taken in accordance with the published IDMP data. The ground reflectance and interior surface finish of different surfaces of the enclosure viz. ceiling, floor, and walls has been varied. The result has been compared with those obtained by the integrating sphere approach.  As a variant of the integrating sphere equivalent bi-hemispheres of same total equivalent surface area but of different mean reflectance and initial luminance emittance corresponding to upper and lower half of the building enclosure have also been considered for comparison.

2.  Problem formulation
The luminous flux transfer in a room involves the coupling of excitation (or the initial emittance distribution) and the final response (or the total luminous pattern).The luminous flux transfer system or room which couples the excitation with response is characterized by relative surface geometry and the surface reflectance distribution. The fundamental equation of luminous flux transfer is obtained as follows from the principal of conservation of flux at a surface element.
L(s) = Lo(s) +[image: image2.png][, RG) X(s) L(s)



  ds                                                                            (1)
Where L(s) is the total luminous emittance (including multiple reflections) as function of space coordinates.

Lo(s) the initial luminance emittance (excluding inter- reflection) as a function of space coordinates.

R(s) the reflectance distribution function

X(s) the geometrical distribution function  

This is an integral equation of Poisson Volttera Fredholm type and may be integrated directly only for very idealized geometries and luminous excitation. Moon [1] has solved this equation for a uniform sphere by direct integration. But for a slightly more complicated case of a cylinder with symmetrical excitation and reflectance distribution, the kernel of integral equation is not integrable in closed form without some approximations. Buckley [2], Hottel [3] ,Moon [4] [6], Lijima [5] have employed approximate exponential kernel  to solve several idealized radiant and luminous transfer system. 

Yamult [7] suggested to use finite difference equation for solving the problem of inter- reflection for the luminous transfer system when assumed to have a constant reflectance and uniform luminous emittance over some finite region of space coordinates. The function R(s) and L(s) may be separated and the integral equation can be written as a set of finite difference equations. If A1, A2 ……..   An are assumed areas of constant diffuse reflectance R1, R2 …….. Rn  and uniform final total luminous emittance as L1, L2 …… Ln for initial emittance as Lo1, Lo2, ……. Lon the set of finite difference equation can be expressed as follows. 

L1  =   Lo1 + R1 [ F1-2 L2  + F1-3   L3 + ……………………………..  + F1-n  Ln           ]

L2  =   Lo2 + R2 [ F2-1 L1  + F2-3   L3 + ……………………………..  + F2-n  Ln            ]

……………………………………………………………………………………

Ln  =   Lon + Rn [ Fn-1 L1  + Fn-2   L2 + ……………………………..  + Fn-(n-1)  Ln-1  ]             (2)

or

1/R1     -F1-2    -F1-3 …………………………   -F1-n                     L1                    Lo1/R1
-F2-1     1/ R2    -F2-3 …………………………   -F2-n                     L2                    Lo2/R2
…………………………………………………….
…          =            …          (3)
…………………………………………………….
…                        ….
-Fn-1       -Fn-2    -Fn-3 …………………………   1/Rn                    Ln                    Lon/Rn

Here F1-n is the shape factor of finite area An with respect to entire area  A1 and is defined as the ratio of the diffuse flux received by An to the total flux emitted by A1 ie

Fn-1 = 1/π A1  [image: image4.png][f 4 43 0591 cosOn dAndA1/r2n—1 “@



                                                                          

Where rn-1 is the distance between elemental area dA1  and dAn  and  Ø1 and  Øn   are the angles of the normal to dA1 and dAn  with the direction of rn-1 .

Shape factor between the variousaly oriented surfaces have reported by Hemilton and Morgon[8], Gauffe [9], Biji [10],  Oberien [11], Hottel [3], and Moon [1].

The finite difference method for the inter – reflection of light has been successfully applied by Caracciolo [12], Dourgnon [13], Philips [14], Ingustin and Cenfeno [15], and Obrien and Ross [16] and Oberin and Roward [17], mostly using a digital computer and solving the equation either by iterative method or by transforming them to Kirochhoffs node equation and using an analogue computer.

As simplifying assumption a room may be considered to be divided into two compartments just above and below the mid level of the window through which light flux from the ground and the sky may be assumed to be entering the upper and lower compartments respectively. Fuether the two compartments of the system may be treated as bi-hemispheres of uniform initial emittance for applying finite difference approach to radiation equilibrium between the two hemispheres. Mean initial emittance may be computed by multiplying the flux above the horizon by the mean reflectance of the upper compartment.

Suppose Ra and Rb are the respective mean reflectance of upper and lower compartments and Loa and Lob the mean initial emittance factor of upper and lower compartments assumed to be hemi – spheres, and then the final luminous emittances are given by the following finite difference equation in the matrix form. 

       1/Ra           -1                        La                              Loa/Ra


    =                                                       (5)

       -1               1/Rb                    Lb                              Lob/Rb         

So that

La      =     (   Loa     +    Ra Lob   )   /   (  1-   Ra Rb   )                                         (6)
Lb      =     (   Lob     +    Rb Loa   )   /   (  1-   Ra Rb   )                                         (7)

The internal reflected illuminance due to upper compartment on the horizontal plane anywhere with in the upper compartment would be numerically equal to La on the horizontal plane (facing the ceiling). For a plane located below the mid height of the window the inter – reflected illuminance is contributed by a belt of the lower compartment above the reflectance plane and also due to the whole of the upper compartment.

Arndt [18] applied Ulbricht theory of inter – reflection in an integrating sphere by making a highly simplified assumption that room behaves as an integrating sphere of reflectance equal to the mean diffuse reflectance of all the surfaces in a room. If F1 is the first reflected flux and Rm the mean reflectance of the room surface and if F1 is assumed to be uniformly distributed over the whole enclosure in the same way as in an integrating sphere of reflectance Rm, then the total amount of the reflected and integrated flux Fr is given by

Fr  =   F1  +  (F1 * Rm )   +   (F2  * Rm )   Rm  +………..

      =  F1  [ 1 Rm   +  Rm2 +……………    ]

      =   F1 / ( 1-  Rm )                                                                                               (8)

Hence, the mean luminous emittance of the room surfaces and the average internal reflected illuminance Er at any point inside the assumed uniform diffuser is given by

Er   =   F1 / A (1- Rm)                                                                                               (9)

Where A is the total area of all surfaces in the room and the first reflected flux F1 is obtained by multiplying the total flux F entering the window with the mean reflectance of all the surfaces in the room. In the finite difference approach for a six surfaces enclosure (1 ceiling, 2 floor, 3 east wall, 4 west wall, 5 south wall, and 6 north wall ), the matrix can be written as follows. 

 1/R1    - F1-2    - F1-3    - F1-4    - F1-5    - F1-6            L1                       Lo1/R1
 - F2-1    1/R2    - F2-3    - F2-4    - F2-5    - F2-6            L2                        Lo2/R2
 - F3-1      - F3-2    -1/R3    F3-4    - F3-5    - F3-6           L3        =               Lo3/R3
    (10)
  - F4-1      - F4-2    - F4-3    1/R4    - F4-5   - F4-6           L4                        Lo4/R4
  - F5-1      - F5-2    - F5-3    - F5-4    1/R5    - F5-6          L5                        Lo5/R5
  - F6-1       - F6-2    - F6-3    - F6-4    - F6-5    1/R6         L6                         Lo6/R6









Here, if the geometry of the enclosure is assumed as cubical, the shape factors between parallel surfaces viz ceiling- floor, north – south walls, east – west walls are same ie.

 F1-2 =    F2-1  =     F3-4  =   F4-3  =    F5-6     =   F6-5   and have the value as 0.20 and rest all others adjoining perpendicular surfaces have also same shape factor and have the value as 0.19  [22]. Here, the reflectance of the window wall has to be taken as area weighted reflectance of glass and rest of the window wall which comes out to be 0.45.    

3.  Case study
For  the study a cubical enclosure of diameter 3m*3m*3m  has been chosen. The interior finish of ceiling, walls, floor have been assumed as 0.7 (0.5), 0.5, 0.3 respectively representing white ceiling, off white walls, and gray floor. The enclosure oriented with its wall facing cardinal directions (viz. north, south, east, and west). A window having glass reflectance of 0.15 and the dimension 1.5m*0.9m is supposed to be provided in the center of the north facing wall at a sill height of 1.05m. It is also assumed there is no obstruction in front of the window which implies that the light flux entering the glazed window is only from the sky and ground.

If the cubical enclosure is divided into two equal parts from the mid level of the glass window and these two upper and lower parts are assumed as hemispheres, the average reflectance of the  two upper and lower parts are Ra = 0.558,  Rb = 0.425 and the matrix equation for the assumed geometry of bi- hemispheres may be simplified as follows.

       1/Ra           -1                        La                              Loa/Ra


    =                                                       (11)

       -1               1/Rb                    Lb                              Lob/Rb        

       1/0.558        -1                      La                             Loa/0.558


    =                                                        (12)

       -1            1/0.425                   Lb                            Lob/0.425         

In the most simplifying approach of Arndt the shape of the cubical enclosure is assumed to be a sphere such that its internal surface area is same as that of the cubical enclosure. 

Such an equivalent sphere for the present case study has a radius of 2.08 m and average reflectance as 0.49. Total internal surface area of the cubical enclosure as well as that of the assumed equivalent sphere of radius 2.08 m is A = 54 m2.
4.  Input data

North sky luminance (Ls) based on IDMP data taken as uniform luminance of 2545.5 Cd/ m2 which produces window illuminance ( incident light flux on vertical window plane ) of pLs /2 = 4000 lux (lm / m2) .

Total outdoor horizontal illuminance from IDMP data has been taken as 16000 lux which for ground reflectance of 0.2 result in ground luminance emittance of 16000* 0.2 or 3200 lm / m2 (or equivalent luminance of 3200/p Cd / m2). Assuming ground of infinite size the window illuminance (incident light flux on vertical window plane) due to ground emittance of 3200* lm / m2 will be 3200*1/2 lux. Thus, the total window illuminance facing uniform north sky of  luminance 2545.5 Cd / m2 and infinite uniform ground of luminous emittance of 3200 lm / m2  respectively amounts to 2545.5 p/2( 4000)  + 3200 *1/2 ie 5600 lux (lm / m2). Similarly for ground reflectance of 0.25 the window illuminance comes out to be 6000 lux. Accordingly, for ground reflectance of 0.2 and0.25 the amount of flux entering the window of area 1.35 m2 and glass transmittance as 0.85 are 6426 lm, 6885 lm respectively

The room surfaces viz. ceiling, floor, east wall, west wall, south wall, north wall each have been divided into four equal parts. At the center of each of these surfaces elements sky factors [20] have been determined for the north facing window of size 1.5 m* 0.9 m located centrally in the wall at the sill height of 1.05 m. The reflectance of ceiling, walls, and floor have been taken as 0.7 and 0.5 (white and off white finish ), and 0.3 (gray) respectively. 

Table 1. Average Incident Flux Density in Lux (lm / m2) at four points of each surfaces for ground reflectance of 0.25


Ceiling                  Floor         East/West Wall                  South Wall              North Wall

142.1                     283.6                       90.3                              125.1     
0

142.1                     283.6                     180.3                              125.1     
0

  75.1                     150.3                       41.6                               250.9
0

  75.1                     150.3                       83.6                               250.9
0

180.6
216.9
98.1                               187.6
0

Table 2. Average Incident Flux Density in Lux (lm / m2) at four points of each surfaces for ground reflectance of 0.2

Ceiling                 Floor           East/West Wall                South Wall                  North Wall

113.7                      283.6                   72.3                                100.1                            0

113.7                      283.6                  180.3                               100.1                            0
  60.1                      150.3
  83.2                               250.2
0

  60.1                      150.3
  83.2                               250.2
0
  86.9                      216.9                    91.7                               175.1                             0


5. Result and discussion 

For a cubical enclosure of size 3 m *3 m *3 m having symmetrically located north facing window of size 1.5 m *0.9 m, incident flux density at four points on floor, ceiling and walls have been computed from sky factor [20] and are given Table 1 and 2. The initial luminous emittances are product of incident flux density and respective reflectance of each surface, from which the final luminous emittances are obtained by solving the finite difference equation in matrix form. The final luminous emittances of ceiling, floor and walls for ceiling of 0.7 and 0.5 and ground reflectance of 0.25 and 0.2 are given in Table 3 &4. The reflectances of walls, floor and glass have been taken as 0.5, 0.3, and 0.15 respectively. For the purpose of bi- hemispheres approach the mean initial luminous emittances of upper half and lower half of room enclosure have been estimated and final luminous of the upper and lower halves approximated as bi – hemisphere have been determined from the corresponding matrix equations. The mean initial and final emittances ob bi – hemisphere are given in Table 5. Finally the inter – reflected flux density (ie. Inter – reflected illuminance) has been estimated at the center of the floor which are given Table 6.

Table 3. Initial and Final Luminous Emittance (lm / m2) of Ceiling and Floor

Ceiling and Ground                                Ceiling                                               Floor

Reflectance                              Initial                      Final                 Initial                      Final 

        
Lo1                           L1                                    Lo1                       L1
Rc=0.7,    Rg=0.25                     76.0                      145.7                       65.1                     97.8

Rc=0.5,    Rg=0.25                     54.3
                      101.0                       65.1                      93.5

Rc=0.7,    Rg=0.2                       60.8
                    125.6
65.1                       94.7

Rc=0.5,    Rg=0.2                       43.5
                      87.1
65. 1                      91.0

Table  4. Initial and Final Luminous Emittance (lm / m2) of Walls
Ceiling and Ground       East/West Wall              South Wall                     North Wall

Reflectance                Initial            Final          Initial            Final       Initial               Final

                                          Lo3/o4           L3/4                    Lo5               L5                  Lo6                            L6

Rc=0.7,    Rg=0.25            51.7             103.4            93.8            143.8          0                   53.1

Rc=0.5,    Rg=0.25
 51.7
   96.6            93.8
 136.8          0                   46.9
 

Rc=0.7,    Rg=0.2              45.8
  95.2
87.7
  133.8
 0
 48.7


Rc=0.5,    Rg=0.2
  45.8
  89.3
87.7
  127.2
 0                   43.2 


 Table 5.  Mean Initial and Final Luminous Emittance Upper and  Lower Hemi-sphere

Ceiling and Ground                    Upper Hemi-sphere                           Lower Hemi-sphere

Reflectance                          Initial                     Final                       Initial                     Final

                                                Loa                        La   
Lob                        Lb   

Rc=0.7,    Rg=0.25                   46.7                       109.6                       66.0                      112.6

Rc=0.5,    Rg=0.25
 39.5
                        100.0                       66.0                      108.7

Rc=0.7,    Rg=0.2                    37.2                          97.0                       66.0                      107.3 

Rc=0.5,    Rg=0.2                    31.4                          86.4                       66.0                      104.0


Table 6. Inter – Reflected Flux Density in Lux (lm / m2) at Centre of the Floor

Ceiling and Ground       Finite Difference          Bi-Hemispheres          Integrating Sphere

Reflectance                           Approach

Rc=0.7,    Rg=0.25                109.8                                   111.7                           123.0

Rc=0.5,    Rg=0.25                  94.8                                   104.3                           107.0 

Rc=0.7,    Rg=0.2                    98.8                                   106.1                           114.8

Rc=0.5,    Rg=0.2                    86.5                                     96.8                           100.6


The integrating sphere results in higher values of inter-reflected illuminance which gives an over estimate of about 13 to 15% from the measured values according to Narasimhan – Sexena et al [21]. Also as seen from Table 6 the values computed from integrating sphere approach are 12-16% higher than those obtained by finite difference approach. Accordingly, it is inferred that the results obtained by finite difference approach closely conform with the actual values. The values computed from bi-hemispheres approximation are slightly less than those computed from integrated sphere formula but are upto 12% higher than precise values.

6.  Conclusion 

The finite difference approach to the solution of integral equation representing visible radiation exchange and multiple reflection provides a precise method for computing inter-reflected luminance in building enclosure. The effect of interior finish (surface reflectance ) on the inter- reflected illuminance, which make a significant contribution to the total illuminance, can also be precisely evaluated by the proposed methodology.                                                                     The integrating sphere approach and bi-hemisphere approximation lead to an over estimate of inter-reflected illuminance by 12 – 16% and upto 12% respectively and may be utilized for the purpose of rough estimate only.
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Figure1. Sketch of cubical building enclosure of size 3m*3m*3m  provided with a symmetrically located North facing window aperture covered with 3mm thick  plain glass.





Figure 2. Bi- hemisphere of 4.16m diameter represented upper and lower halves of the enclosure





Figure 3. Sphere of 4016m diameter and same mean reflectance and area as that of the enclosure











